
Physics G8069
homework #8

due Mon. Nov. 13

1. Mass renormalization in φ4 theory

Let’s study renormalization of the mass parameter in φ4 theory. As in
the notes we consider
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with a cutoff on the Euclidean loop momentum Λ, and
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with a cutoff Λ′ = Λ−δΛ. The idea is to match the tree-level propagator
in the primed theory to the corresponding quantity in the unprimed
theory, namely the sum of diagrams
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(i) In the primed theory the propagator is

i

p2 −m′2 .

Set m′2 = m2 + δm2 where δm2 = −dm2

dΛ
δΛ. Expand the propaga-

tor to first order in δΛ.

(ii) Match your answer to the corresponding calculation in the un-
primed theory. You can stop at a single χ loop, and for simplicity
you can assume m � Λ. You should obtain a trivial differential
equation for the mass parameter and solve it to find m2(Λ).



2. Pion decay

(i) Derive the Noether currents jµ a
L , jµ a

R associated with the SU(2)L×
SU(2)R symmetry
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of QCD with two flavors of massless quarks. We’ll mostly be
interested in the vector and axial-vector linear combinations jµ a
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(ii) Repeat part (i) for the SU(2) non-linear σ-model
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You only need to work out the symmetry currents to first order
in the pion fields πa, where U = eiπaσa/f .

(iii) The weak interaction responsible for the decay π− → µ−ν̄µ is

Lweak = − 1√
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Here θC ≈ 13◦ is the ‘Cabibbo angle.’ Suppose we can identify
the symmetry currents worked out in parts (i) and (ii). Use this
to rewrite Lweak in terms of the fields µ, νµ, πa, again working to
first order in the pion fields.

(iv) If I did it right this leads to a vertex
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Calculate the pion lifetime in terms of GF , θC , f , mπ, mµ. Use
the observed lifetime τπ = 2.6× 10−8 sec to estimate f .

(v) The decay π− → e−ν̄e only differs by replacing µ → e, νµ → νe.
Predict the branching ratio

Γ(π− → e−ν̄e)

Γ(π− → µ−ν̄µ)

How well did you do?

3. Unitarity violation in quantum gravity

Consider two distinct types of massless scalar particles A and B which
only interact gravitationally. The Feynman rules are
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HereGN is Newton’s constant and gαβ = diag(+−−−) is the Minkowski
metric. The vertices and propagators are the same for A and B.

(i) Compute the tree-level amplitude and center-of-mass differential
cross section for the process AA→ BB.



(ii) The partial-wave expansion of the scattering amplitude is
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where Pl is a Legendre polynomial. This is related to the center-
of-mass differential cross section by(
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= |f(θ)|2 .

Compute the partial-wave S-matrix elements Sl(E). For which
values of l are they non-zero?

(iii) At what center-of-mass energy is the unitarity bound |Sl(E)| ≤ 1
violated?


