Physics G8069
homework #6
due Mon. Oct. 23

1. Vacuum alignment in QCD

Strong interactions are supposed to generate a non-zero expectation
value that spontaneously breaks SU(3), x SU(3)rg — SU(3)y. The
space of vacua can be parametrized by a unitary matrix U = ¢?"7"
that characterizes the expectation value

(W) = pbe N T

Here p is a constant with dimensions of mass. The low energy effective
Lagrangian for the resulting Goldstone bosons is

L= i fTe(0,UT0"U)

where f is another constant with dimensions of mass.

(i) Consider adding a quark mass term L5 = —1) M1 to the under-
lying strong interaction Lagrangian. Argue that for small quark
masses the explicit breaking due to the mass term can be taken
into account by modifying the effective Lagrangian to read

%1 FPTe(0,UT0"U) + 21 Te(M (U + UT)).

(ii) Identify the ground state of the resulting theory. Compute the
matrix of would-be Goldstone boson masses by expanding the ac-
tion to quadratic order in the fields 7%, where 7% is defined by
U =™ T/ with Tr TeT® = 269
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(ili) Use your results to predict the n mass in terms of m?,, m?7,, my..,

Mo, m?—(o. How does your prediction compare to the data? (You

can ignore small isospin breaking effects and set m, = my.)

2. m — m scattering

If you take the pion effective Lagrangian

- i PTH@,UT00) + 205 Tr(M(U + U))



and expand it to fourth order in the pion fields you find interaction
terms that describe low-energy m — 7 scattering. Conventions: U =
e /f is an SU(2) matrix where ¢ are Pauli matrices and f =
93MeV. I'm working in a Cartesian basis where a = 1,2,3. For sim-
plicity I'll set m, = myg so that isospin is an exact symmetry. The
resulting 4-pion vertex is (sorry)
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k3 X4 i [ sabse
N —B—F[(S b5d<(k1+k2)-(k3+k4)—2k1~k2—2k3-k4—m3r>
+ 5“5“((/{:1 k) - (ko ka) — 2k - kg — 2ky - ey — mi)
RN
K, Kk, D + 5ad5b0((k1 k) - (ko k) — 2k - kg — 2k - ey — m3r>]

Note that all momenta are directed inwards in the vertex.

(i) Compute the scattering amplitude for 7(p;) 78 (p2) — 7¢(p3) 7 (p4).
Here a, b, c,d are isospin labels and pi, p2, p3, ps are external mo-
menta.

(ii) Since we have two pions the initial state could have total isospin
I =0,1,2. Extract the scattering amplitude in the various isospin
channels by putting in initial isospin wavefunctions proportional
to

I=0:06" I =1: (antisymmetric)® I =2 (symmetric traceless)*

(iii) Evaluate the amplitudes in the various channels “at threshold”
(meaning in the limit where the pions have vanishing spatial mo-
mentum).

(iv) Threshold scattering amplitudes are usually expressed in terms
of “scattering lengths” defined (for s-wave scattering) by a =
—M/327m,.'? For I =0, 2 the experimental values and statisti-
cal errors are (Brookhaven E865 collaboration, arXiv:hep-ex,/0301040)

aj—o = (0.216 £ 0.013)m ' a;—p = (—0.0454 £ 0.0031)m*

How well did you do?

IThis is in the convention where the sum of Feynman diagrams gives —iM.

2This seems to be the standard definition, but it never quite made sense to me. I would
have thought the scattering length should be defined by a = — M /167m, so that the cross
section comes out to be o = 4wa?. If anyone understands this please let me know.



